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Results of systematic studies of discrete dark solitons �DDSs� in the one-dimensional discrete nonlinear
Schrödinger equation with the cubic-quintic on-site nonlinearity are reported. The model may be realized as an
array of optical waveguides made of an appropriate non-Kerr material. First, regions free of the modulational
instability are found for staggered and unstaggered cw states, which are then used as the background support-
ing DDS. Static solitons of both on-site and inter-site types are constructed. Eigenvalue spectra which deter-
mine the stability of DDSs against small perturbations are computed in a numerical form. For on-site solitons
with the unstaggered background, the stability is also examined by dint of an analytical approximation, that
represents the dark soliton by a single lattice site at which the field is different from cw states of two opposite
signs that form the background of the DDS. Stability regions are identified for the DDSs of three types:
unstaggered on-site, staggered on-site, and staggered inter-site; all unstaggered inter-site dark solitons are
unstable. A remarkable feature of the model is coexistence of stable DDSs of the unstaggered and staggered
types. The predicted stability is verified in direct simulations; it is found that unstable unstaggered DDSs decay,
while unstable staggered ones tend to transform themselves into moving dark breathers. A possibility of setting
DDS in motion is studied too. Analyzing the respective Peierls-Nabarro potential barrier, and using direct
simulations, we infer that unstaggered DDSs cannot move, but their staggered counterparts can be readily set
in motion.

DOI: 10.1103/PhysRevE.76.046605 PACS number�s�: 05.45.Yv, 63.20.Ry, 42.65.Tg, 03.75.Lm

I. INTRODUCTION

Discrete nonlinear Schrödinger �DNLS� equations repre-
sent a vast class of dynamical lattice models �1,2� whose
straightforward realizations are provided by arrays of optical
waveguides �as predicted in Ref. �3�, and for the first time
demonstrated experimentally in Ref. �4� in a set of parallel
semiconductor waveguides, see also review �5��. Optical
waveguide arrays can also be created as photonic lattices in
photorefractive materials �6�. Motion of solitons �7,8�, inter-
actions between them �8,9�, and quasidiscrete spatiotemporal
collapse �10� in DNLS systems with the Kerr �cubic� nonlin-
earity were studied too, theoretically and experimentally.

The DNLS model also applies to the Bose-Einstein con-
densate trapped in a strong optical lattice �periodic potential
acting on atoms in the condensate�, which was predicted
theoretically �11� and confirmed in the experiment �12� �see a
review of the topic in Ref. �13��. In addition to these direct
physical realizations, DNLS equations may be derived, in the
rotating-phase approximation, from many other nonlinear
lattice models �14�.

It is relevant to mention that stable discrete bright solitons
were recently found also in the DNLS equation with satu-
rable nonlinearity �15,16�, which was first introduced in
1975 by Vinetskii and Kukhtarev �17�. Moreover, discrete

solitons supported by the saturable self-defocusing optical
nonlinearity using the photovoltaic effect were created in a
waveguide array based on a photorefractive crystal �18�. The
quantum DNLS equation �the Bose-Hubbard model� with the
cubic-quintic nonlinearity and periodic boundary conditions
was considered too �19�, and few-quanta bound states were
found in it.

Most studies in this field were focused on bright localized
structures. However, in the course of the last several years,
localized structures of the dark type have also drawn consid-
erable interest. Publications on the latter topic were chiefly
dealing with lattice models including the Kerr �cubic� non-
linearity �20�. Recently, dark solitons were experimentally
observed in the defocusing lithium-niobate waveguide arrays
with saturable nonlinearity �21� and their properties were
studied analytically and numerically �22,23�.

Thanks to the above-mentioned works, discrete solitons in
the DNLS equation with the Kerr and saturable nonlinearity
have been well understood. On the other hand, NLS equa-
tions with other non-Kerr nonlinearities were studied in de-
tail mainly in continuum models. In particular, transparent
media with the effective optical nonlinearity combining self-
focusing cubic and self-defocusing quintic terms were dem-
onstrated in the experiment �24�. Solitons in the NLS equa-
tion of the corresponding cubic-quintic �CQ� type are
different from their counterparts in the cubic equation. The
difference is salient in CQ models including a periodic po-
tential, as shown in Ref. �25�, which reported many species
of stable solitons with different numbers of peaks and differ-*maluckov@junis.ni.ac.yu
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ent symmetries in the CQ NLS equation with the potential of
the Kronig-Penney type �a periodic array of rectangular po-
tential wells�.

The CQ NLS equation with a very strong Kronig-Penney
potential may be approximated by the DNLS equation with
the CQ on-site nonlinearity. This system, which may be cre-
ated as an array of waveguides built of the above-mentioned
materials featuring the optical CQ nonlinearity, was intro-
duced in Ref. �26� �the opposite limit is represented by the
equation with nonlocal CQ nonlinearity �27��. In work �26�,
which used numerical methods and variational approxima-
tion �for DNLS equations, the latter was introduced in Ref.
�28��, various families of stable bright discrete solitons were
found, symmetric and asymmetric, and bifurcations linking
different families were explored �strictly speaking, the DNLS
equation with the CQ nonlinearity supports infinitely many
coexisting stable families�.

Fundamental dynamical objects supported by the CQ
model are not only bright solitons, for which a well-known
exact analytical solution is available �29�, but also dark soli-
tons �alias topological kink solutions� �2,30�, and so-called
“bubbles” �31�, i.e., nontopological states maintained by
nonzero boundary conditions. Analytical solutions for dark
solitons are known too �29�. Studied in detail were stability
conditions for static �32� and moving �33� dark solitons and
bubbles in this model �standing bubbles are always unstable�.

Continuing the work in these directions, it is natural to
consider discrete dark solitons �DDSs� and their stability in
the cubic-quintic DNLS equation, which is the subject of the
present work �we do not aim to consider bubbles in this
paper�. It is relevant to mention that DDSs were previously
considered in some other lattice models which also feature
CQ nonlinearities, but of a completely different character,
viz., a generalized Ablowitz-Ladik system �34�, and discrete
Ginzburg-Landau equations �35�.

The paper is organized as follows. In Sec. II, we introduce
the model and find constant-amplitude cw �continuous-wave�
solutions of two types, unstaggered and staggered ones,
which constitute the background supporting DDSs. An obvi-
ous necessary stability condition for DDSs is the modula-
tional stability of the background. We identify a parameter
region free of the modulational instability �MI� in Sec. III,
and continue the analysis in Sec. IV, where we construct
DDSs supported by both the staggered and unstaggered cw
uniform states, and perform full stability analysis for them,
using linearized equations for small perturbations. In either
case �with the unstaggered or staggered background�, DDSs
further fall into two categories, viz., on-site and inter-site
ones. Besides the numerical results, we also report analytical
findings for the DDSs of the unstaggered on-site type, ap-
proximating it by a single lattice site between cw states of
opposite signs. Despite the seemingly oversimplified nature
of the analytical approach, its predictions for the stability of
both unstaggered and staggered on-site DDSs turn out to be
very close to numerical results. Stability regions are found
for DDSs of unstaggered and staggered on-site, and stag-
gered inter-site types, while unstaggered inter-site dark soli-
tons are always unstable. The stability results obtained from
the linearized equations are also verified by direct simula-
tions of perturbed solitons. In Sec. V, a possibility of persis-

tent motion of DDSs across the underlying lattice is explored
by means of direct simulations, and also in a semianalytical
form, in terms of the respective Peierls-Nabarro �PN� poten-
tial. Both approaches show that unstaggered DDSs cannot be
set in motion, but this is quite possible for staggered ones.
Section VI concludes the paper.

II. MODEL

The one-dimensional CQ DNLS equation has the form
�26�

i�̇n + C��n+1 + �n−1 − 2�n� + �2��n�2 − ��n�4��n = 0, �1�

where �n is the normalized wave function at the nth lattice
site �the overdot stands for the time derivative�, real constant
C accounts for the inter-site coupling, and coefficients in
front of the cubic and quintic terms are fixed by rescaling.

Equation �1� conserves two dynamical invariants: power
�norm� P=�n ��n�2, and Hamiltonian,

H = �
n
�C�n

*��n+1 + �n−1 − 2�n� + ��n�4 −
1

3
��n�6� ,

with * standing for the complex conjugate. However, these
expressions diverge for dark-soliton configurations. There-
fore we use complementary norm Pc and complementary
Hamiltonian Hc, from which the diverging contributions,
generated by the cw �continuous-wave� background, U�

=limn→±� ��n�, are subtracted �1,2,14�:

Pc = �
n

�U�
2 − ��n�2� , �2�

Hc = �
n
�C�n

*��n+1 + �n−1 − 2�n� + ���n�4 − U�
4 �

−
1

3
���n�6 − U�

6 �� + Pc�2U�
2 − U�

4 � . �3�

Equation �1� gives rise to solutions of various types. Bright
localized modes �discrete solitons and breathers� were stud-
ied analytically and numerically in Ref. �26�. For the study
of DDSs, the starting point is the analysis of the cw back-
ground that must support dark solitons. To this end, cw so-
lutions to Eq. �1� are looked for as

�n�t� = uneikn−i�t,

where un is a real stationary lattice field, � is the frequency,
and k=0 or k=� refers to the unstaggered and staggered
stationary configuration, respectively �the corresponding so-
lutions will be labeled by subscripts UST and ST�. Accord-
ingly, Eq. �1� gives rise to the stationary equation,

�un + C�un+1eik + un−1e−ik − 2un� + 2un
3 − un

5 = 0. �4�

cw solutions correspond to the uniform lattice field, un
	U�, hence Eq. �4� takes the form of

� − 4C sin2�k/2� + 2U�
2 − U�

4 = 0. �5�

Equation �5� with k=0 yields two unstaggered cw solutions,
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U�
2 	 �UUST

2 �1,2 = 1 ± 
1 + � . �6�

Solution �UUST�1 exists for ��−1, while �UUST�2 is mean-
ingful only in a finite interval, −1���0.

With k=�, Eq. �5� gives two staggered cw solutions,

U�
2 	 �UST

2 �1,2 = 1 ± 
1 + � − 4C . �7�

Solution �UST�1 exists for ��4C−1, and �UST�2 exists in a
finite interval, 4C−1���4C.

III. MODULATIONAL STABILITY

Obviously, DDS solutions may not be stable unless the
corresponding cw background is immune to the MI �in the
cubic DNLS equation, the MI was first studied in Ref. �36��.
The MI is seeded by adding infinitesimal perturbations,

�un = �u�0� exp��t + ipn� , �8�

with arbitrary real wave number p and corresponding growth
rate �, to the cw solution:

�n = �U�eikn + �une−i	n�e−i�t, �9�

where the perturbation may also be unstaggered �	=0� or
staggered �	=��. The substitution of Eq. �9� in Eq. �1� and
linearization with respect to the perturbation yield the fol-
lowing dispersion relations:

�i� unstaggered cw solution �k=0� and unstaggered pertur-
bations �	=0�:

�2 = 16C sin2�p/2��UUST
2 − UUST

4 − C sin2�p/2��; �10�

�ii� unstaggered cw solution �k=0� and staggered pertur-
bations �	=��:

�2 = 16C cos2�p/2��UUST
2 − UUST

4 − C cos2�p/2��; �11�

�iii� staggered cw solution �k=�� and unstaggered pertur-
bations �	=0�:

�2 = − 16C cos2�p/2��UST
2 − UST

4 + C cos2�p/2��; �12�

�iv� staggered cw solution �k=�� and staggered perturba-
tions �	=��:

�2 = − 16C sin2�p/2��UST
2 − UST

4 + C sin2�p/2�� . �13�

It follows from these relations that the unstaggered back-
ground is modulationally stable �i.e., one has �2�0 at all p�
for UUST

2 �1. Therefore pursuant to Eq. �6�, only the branch
of the unstaggered cw solution with �UUST

2 �1=1+
1+� �and
��−1� can support modulationally stable DDSs. Further,
the staggered background may be modulationally stable for
UST

2 �1. According to Eq. �7�, this means that modulation-
ally stable DDSs may be supported by the staggered cw so-
lution with �UST

2 �2=1−
1+�−4C, in the interval

4C − 1 � � � 4C . �14�

These two possibilities, of having potentially stable DDSs
with the unstaggered and staggered backgrounds, are ex-
plored in detail below. We notice that, in the case when the

cw states are stable, Eqs. �10�–�13� are dispersion relations
for the corresponding “phonon waves.”

IV. DISCRETE DARK SOLITONS

A. General approach

With either the unstaggered or staggered background,
DDS solutions of two different types can be obtained from
Eq. �4�: on-site, in which the sign-changing point �at which
the field vanishes� coincides with a lattice site, and inter-site,
in which the sign change is formally identified with a mid-
point between two adjacent lattice sites. Schematically, the
patterns for all four ensuing types of DDSs can be repre-
sented as �. . .1,1 ,1 ,0 ,−1 ,−1,−1. . . �—on-site unstaggered,
�. . .1,1 ,1 ,−1 ,−1,−1. . . �—inter-site unstaggered, �. . .−1 ,1 ,
−1 ,0 ,1 ,−1 ,1 , . . . �—on-site staggered, and �. . .−1 ,1 ,
−1 ,1 ,1 ,−1 ,1 ,−1 . . . �—inter-site staggered. Examples of all
four configurations for C=0.4 and �=1, obtained from nu-
merical solution of Eq. �4�, are presented in Fig. 1.

We examine stability of the DDSs by adapting the linear
stability analysis developed in Refs. �2,20� to the present
system. To this end, solutions including small perturbations,
�un	
n+ i�n, are looked for as

�n = �uneikn + �une−i	n�e−i�t, �15�

where un represents the unperturbed DDS solution, cf. ex-
pression �9� for the perturbed cw states. Then, the lineariza-
tion leads to the eigenvalue problem,

d

dt
�
n

�n
� = � 0 H+

− H− 0
��
n

�n
� 	 M�
n

�n
� , �16�

where matrix M �of size 2N�2N for the lattice with N sites�
is, generally, non-Hermitian. Elements of submatrices H± are

Hij
+ = ��2C − �� − 2ui

2 + ui
4��i,j − C cos�	���i,j+1 − �i,j−1� ,
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FIG. 1. Typical examples of discrete dark solitons for C=0.4
and �=1: �a� unstaggered on-site; �b� unstaggered inter-site; �c�
staggered on-site; �d� staggered inter-site.
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Hij
− = − Hij

+ + 4�2ui
2 − ui

4��i,j . �17�

Eigenvalues of matrix M, which determine the stability, fall
into two sets. One is a continuous part of the spectrum,
which arises from the background, the corresponding eigen-
functions being plane waves distorted near the core of the
dark soliton. The continuous spectrum is determined by dis-
persion relations �10�–�13�, which, for the stable back-
ground, give pure imaginary eigenvalues ��2�0� and thus
cannot destabilize the DDS. A discrete part of the spectrum,
which plays a crucial role in the stability analysis, is associ-
ated with the central region of the DDS. In the case when the
DDS is stable, the discrete eigenvalues represent frequencies
of its intrinsic modes.

B. Unstaggered dark solitons

The complete eigenvalue spectrum of matrix M defined in
Eqs. �16� and �17� was found numerically for different values
of the lattice size �N�, coupling constant C, and frequency �
of the unperturbed DDS. Results for the DDS of the unstag-
gered on-site type are displayed in Fig. 2, for C=0.4. We
observe that branches of discrete eigenvalues are partly em-
bedded in the continuous spectrum �the shaded area in Fig. 2,
which is precisely described by Eq. �10��. Discrete-
eigenvalue branches that do not overlap with the continuous

spectrum �at ���h in Fig. 2� are pure imaginary, thus giv-
ing rise to no instability �in Fig. 2, only discrete branches
with the largest imaginary eigenvalues are plotted, among
those which have zero real part, i.e., are not responsible for
instability�. The discrete branches embedded in the continu-
ous spectrum feature complex eigenvalues in region �s��
��h, indicating oscillatory instability of the DDS. On the
other hand, the discrete branches in the interval −1��
��s have pure real eigenvalues, which implies exponential
instability of the DDS. It may be relevant to mention that the
dark DDSs are, strictly speaking, marginally stable at �
�h, as other stability is not possible in Hamiltonian sys-
tems.

The discrete branches of the spectrum can be calculated
analytically if the DDS is approximated by cw solutions
±�UUNS�1 at n−nc�0, and by the phase jump at site n=nc,
where the amplitude vanishes:

un = − �UUNS�1, n � nc,

un = 0, n = nc,

un = �UUNS�1, n � nc,

with �UUNS�1 given by Eq. �6� �a similar “anticontinuum,”
alias “anti-integrable,” approximation was applied to discrete
bright solitons �37��. The substitution of this ansatz in Eq.
�16� makes it possible to obtain an analytical approximation
for the discrete branch,

�discr � ± i
�� − 2C�2 + 2C2. �18�

The solid line in Fig. 2 shows that this approximation is in
good agreement with the numerical results.

Decreasing the value of �, intersection of the discrete
eigenvalue branches with the continuous spectrum is identi-
fied at �=�h in Fig. 2. This gives a location of the
Hamiltonian-Hopf bifurcation, i.e., the transition from the
pure imaginary spectrum to that including a quartet of com-
plex eigenvalues and remaining 2N−4 imaginary ones. An-
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C

0 5 10 15 20 25 30�

�
h

�
S

FIG. 3. Stability diagram for unstaggered on-site discrete dark
solitons. Light-gray regions correspond to the pure imaginary ei-
genvalues �stability�, gray—to complex eigenvalues �oscillatory in-
stability�, and dark-gray—to pure real eigenvalues �exponential in-
stability�. Curves depict analytical estimates of the bifurcation
points �h and �s, as per Eq. �19�. In stability diagrams displayed
below for discrete dark solitons of other types, the gray-scale shad-
ing has the same meaning as here.
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FIG. 2. The spectrum of stability eigenvalues for unstaggered
on-site discrete dark solitons. Numerical results are depicted by
symbols, and analytical ones, plotted as per Eq. �18�, by thin black
lines. The shaded region represents eigenvalues of the continuous
spectrum � / i as given by dispersion relation �10� �recall that we
consider only dark solitons supported by the modulationally stable
cw background, when the continuous spectrum contains only pure
imaginary eigenvalues �, and cannot give rise to instability, see Eq.
�8��. Empty squares correspond to stable �pure imaginary� discrete
eigenvalues with the largest absolute value �� / i�. Filled squares
show pure real �unstable� eigenvalues, while empty and black
circles represent, respectively, imaginary and real parts of unstable
complex eigenvalues �chains of symbols which represent numerical
results almost merge into bold curves�. In similar plots of �in�sta-
bility spectra displayed below for dark solitons of other types, the
symbols have the same meaning as here.
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other intersection point in Fig. 2, at �=�s, which follows the
annihilation of the complex eigenvalues, corresponds to a
saddle-center �tangential� bifurcation. It signalizes the ap-
pearance of two real eigenvalues, and approximately coin-
cides with the minimum of the analytical curve predicted by
Eq. �18�. Using these facts, the bifurcation points may be
approximated as follows:

�h = 8C�4 − C�, �s = 2C . �19�

Performing numerical calculations at many values of cou-
pling constant C, we have generated a stability diagram in
parameter plane �C ,��, as shown in Fig. 3. Light-gray re-
gions in the figure are those with the pure imaginary spec-
trum, where the DDS is stable. The black lines depict
analytical estimates �19�, which are seen to be in good agree-
ment with the numerical results.

The eigenvalue spectrum for DDSs of the inter-site un-
staggered type is presented �for C=0.4� in Fig. 4, and the
corresponding stability diagram in Fig. 5. In this case, the

discrete-eigenvalue branches are fully embedded in the con-
tinuous spectrum, and there are two pure real and 2N−2
imaginary eigenvalues at all values of �, except for a narrow
region at small �, as can be seen in Fig. 5, where a quartet of
complex eigenvalues exists. Therefore the inter-site unstag-
gered DDS is always unstable. Pure real eigenvalues are cre-
ated through the saddle-center bifurcation, which occurs on
line �=�s in Fig. 4.

C. Staggered dark solitons

Staggered DDSs are studied in region �14�, where the
stable staggered background exists. The stability-eigenvalue
spectrum for the staggered DDS of the on-site type, with C
=0.4, is displayed in Fig. 6, and the respective stability dia-
gram in Fig. 7. The discrete branches, which consist of pure
imaginary or complex eigenvalues, are fully embedded in the
continuous spectrum. In this case, only the bifurcation of the
Hamiltonian-Hopf type occurs, at �=�h. The DDS is stable

0 5 10 15 20
-15

-10

-5

0

5

10

15

µs

ei
ge
nv
al
ue
s

µ

FIG. 4. The spectrum of stability eigenvalues for unstaggered
inter-site dark solitons. The shaded region represents the continuous
spectrum given by dispersion relation �12�.
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FIG. 5. The stability diagram for the unstaggered inter-site dis-
crete dark solitons.
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FIG. 6. The spectrum of stability eigenvalues for the staggered
on-site discrete dark solitons. The shaded region represents the con-
tinuous spectrum given by dispersion relation �12�.
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FIG. 7. The stability diagram for staggered on-site discrete dark
solitons. Here and in Fig. 9 below, black lines show the stability
border of the staggered background, as per Eq. �14�.
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in subinterval �h���4C, and unstable against oscillatory
perturbations in the remaining subinterval, 4C−1����h,
cf. Eq. �14�.

The stability spectrum for the inter-site staggered DDS
with C=0.4 is displayed in Fig. 8, and the respective stability
diagram in Fig. 9. The discrete branches, which consist of
pure imaginary or pure real eigenvalues, are fully embedded
in the continuous spectrum. Unlike the DDS of the inter-site
type supported by the unstaggered background, which are
always unstable, in the present case the inter-site dark soliton
is stable in subinterval �s���4C, and exponentially un-
stable in the remaining one, 4C−1����s, cf. Eq. �14�.

D. Direct simulations

Direct numerical simulations have confirmed stable evo-
lution of unstaggered and staggered DDSs in the stability
regions predicted by the above analysis. With initially added
perturbations, they persist as dark structures of the breather
type �i.e., with some intrinsic vibrations induced by the ini-
tial perturbations�, see typical examples in Fig. 10. The

perturbation-induced vibrations of the stable DDSs are per-
sistent because, as mentioned above, stable �purely imagi-
nary� eigenvalues belonging to the discrete spectrum repre-
sent intrinsic modes of the dark solitons, that can be readily
excited by the perturbation. On the other hand, when the
initial unstaggered DDS is taken from a domain with com-
plex or real eigenvalues, the instability leads to fast decay of
the dark-soliton structure. Typical examples of the evolution
for the unstable unstaggered DDS of the on-site �a� and inter-
site �b� types are presented in Fig. 11.

Simulations of unstable staggered configurations reveal a
different picture: the growth of intrinsic oscillations usually
ends up with formation of a long-lived moving dark localized
structure of a breather type. An example of the formation of
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FIG. 8. The spectrum of stability eigenvalues for staggered
inter-site discrete dark solitons. The shaded region represents the
continuous spectrum given by dispersion relation �12�.
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FIG. 9. The stability diagram for the staggered inter-site discrete
dark solitons.

FIG. 10. Contour plots displaying evolution of perturbed dark
discrete solitons, at C=0.4: �a� an unstaggered on-site soliton, with
�=16; �b� the staggered on-site soliton with �=1.35. Both of them
are robust, in accordance with the prediction of the linear-stability
analysis.

FIG. 11. Contour plots of the evolution of the perturbed dark
discrete solitons for C=0.4: �a� the on-site unstaggered soliton with
�=4.3 �destabilized by complex eigenvalues with small real parts�;
�b� the inter-site unstaggered soliton with �=11 �unstable due to
real eigenvalues�; �c� the on-site staggered soliton with �=1 �de-
stabilized by complex eigenvalues with small real part�; �d� the
inter-site staggered soliton with �=0.7 �unstable due to real
eigenvalues�.
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such moving dark breathers, spontaneously created from the
on-site DDS, with parameters taken in the domain with com-
plex eigenvalues, is shown in Fig. 11�c�, and a similar out-
come of the evolution of an unstable inter-site DDS, with
parameters picked from the domain with real eigenvalues, is
presented in Fig. 11�d�. The development of the oscillatory
instability at the early stage of the evolution is noticeable in
Fig. 11�c�, which is consistent with the prediction of the
linear stability analysis.

The coexistence of stable unstaggered and staggered
DDSs in the same system is a unique feature of the discrete
CQ DNLS equation. It is noteworthy too that, in Figs. 6–9,
one can identify regions in parameter plane �C ,�� which
simultaneously support stable staggered DDSs of both the
on-site and inter-site types.

V. MOBILITY OF DISCRETE DARK SOLITONS

To analyze the possibility of motion of DDSs across the
lattice �actually, a moving DDS will be a breather�, we resort
to conserved quantities Pc and Hc, defined as per Eqs. �2�
and �3�. Following Ref. �38�, we introduce the free energy, as

Gc 	 Hc − �Pc. �20�

The free-energy difference between on-site and inter-site
dark-soliton configurations, with equal values of norm Pc,
which is

�Gc = Gc
�on� − Gc

�in� = Hc
�on� − Hc

�in� − ���on� − ��in��Pc,

�21�

determines an effective Peierls-Nabarro �PN� potential bar-
rier, which arises from the discreteness. Dependences Gc�Pc�
for the unstaggered configurations of the on-site and inter-
site types are displayed in Fig. 12. It is seen that the curves
do not overlap, except at small �, where DDSs are unstable.
We thus conclude that the PN barrier is effectively infinite in
this situation, hence free motion of stable unstaggered DDSs
is impossible. Direct simulations �not shown here� confirm
this expectation.

On the other hand, curves Gc�Pc� for the staggered DDSs,
as shown in Fig. 13, indicate that the PN barrier is small for
the staggered solitons with a small complementary norm,
which corresponds to the region in the parameter plane
where stable staggered DDSs exist. This observation sug-
gests that �quasi�free motion may be possible for stable stag-
gered DDSs with sufficiently small Pc. This expectation is
readily confirmed by direct simulations, in which staggered
dark solitons were set in motion, multiplying the lattice field
by exp�ipn�, with a small real “kick factor” p. A typical
example is displayed in Fig. 14, in which the dark soliton
maintains its persistent motion, with small intrinsic vibra-
tions.

VI. CONCLUSIONS

In this work, we have reported results of comprehensive
analysis of DDSs �discrete dark solitons� in the one-
dimensional lattice model with the CQ �cubic-quintic� onsite
nonlinearity, which was recently introduced in Ref. �26�.
First, the regions of modulational stability were found for
background cw states of the unstaggered and staggered
types, which may have a chance to support stable DDSs. The
static solitons may be of two types, on-site and inter-site,
depending on the location of their center relative to the lat-
tice. The DDSs were constructed, and their stability against

FIG. 12. The complementary �finite� free energy of unstaggered
on-site and inter-site discrete dark solitons vs their complementary
norms.

FIG. 13. The same as in Fig. 12, but for staggered discrete dark
solitons.

FIG. 14. Contour plots which represent persistent motion of
staggered dark discrete solitons �in the form of weakly excited dark
breathers�: �a� C=0.4, �=1.35; �b� C=0.4, �=1.56.
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small perturbations �in the framework of the linearized equa-
tion� was investigated by means of numerical methods. The
stability of the on-site unstaggered DDSs was also examined
with the help of the analytical approximation, that represents
the on-site dark soliton by a single lattice site at which the
field vanishes, being elsewhere set identical to the cw states
of two opposite signs that form the background of the DDS.
Stability regions for the DDSs of the on-site unstaggered,
and both on-site- and inter-site staggered types, have been
identified, while the inter-site unstaggered dark solitons were
found to be always unstable. A noteworthy feature of the CQ
model is that stable DDSs of the unstaggered and staggered
types coexist in it.

The predicted stability of the DDSs was verified in direct
simulations. Under the action of small perturbations, un-

stable unstaggered solitons decay, while unstable staggered
solitons transform themselves into persistent moving dark
lattice breathers. Also studied was a possibility of setting the
DDS in motion across the lattice, by applying a transverse
“kick” to it. Analyzing the effective PN potential, and run-
ning direct simulations, we have concluded that unstaggered
DDSs are immobile, but staggered ones can be easily
switched into a state of persistent motion.

The analyses reported in this paper can be extended in
different directions. In particular, it may be interesting to
study DDSs �in fact, vortices� in the two-dimensional DNLS
equation with the CQ nonlinearity. Collisions between mov-
ing staggered DDSs �in the one-dimensional model� is an-
other open problem. The work along these lines is currently
in progress.
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